The purpose of this paper is to investigate a monotonic operation
Introduction
We know that fuzzy sets [20] , vague sets [9] and rough sets [17] are tools applied to avoid difficulties for dealing with uncertainties in economics, engineering, environmental science, sociology and computer science. In 1999, Molodtsov introduced the concept of soft set [16] to deal complicated problems and uncertainties as the following: The soft set is an approximate description of an object precisely consisting of two parts, namely predicate and approximate value set. In [13] , Maji et al. introduced several operators for soft set theory: equality of two soft sets, subset and superset of soft set, complement of a soft set, null soft set, and absolute soft set. For the soft set theory, Ali et al. [2] proposed new operations on soft sets, and in [4] , the new operations were investigated with the notions defined in [2, 13] . Recently, the properties and applications on the soft set theory have been studied widely and applied in the various branches of mathematics [1, 3, 4, 5, 6, 7, 8, 10, 11, 14, 15, 18, 19] . In particular, the combining the soft set theory and any other notions of mathematics have been studied steadily. In [12, 15] , we combined topological structures and soft set theory. In this paper, we are going to combine a monotonic operation and soft set theory. The purpose of this paper is to investigate a monotonic operation u F : P (X) → P (X) induced by A F , F ← [12, 15] in a given soft set (F, X) (A ⊆ X) where U is a common universe set and X is a fixed subset of parameters, and to study basic properties of the operation.
Preliminaries
Let U be an initial universe set (simply, universe set) and E be a collection of all possible parameters with respect to U , where parameters are the characteristics or properties of objects in U . We will call E the set of parameters with respect to U .
Definition 2.1 ([16]). A pair (F,
) is called a soft set over U if A ⊂ E and F : A → P (U ), where P (U ) is the set of all subsets of U .
Definition 2.2 ([13]
). Let U be a universe set and E be a set of parameters. Let (F, A) and (G, B) be soft sets over a common universe set U and A, B ⊆ E.
and (G, B) ⊆(F, A).
Definition 2.3 ([13])
. A soft set (F, A) over U is said to be a null soft set denoted by Φ, if ∀e ∈ A, F (e) = ∅.
Definition 2.4 ([13])
. A soft set (F, A) over U is said to be an absolute soft set denoted byÃ, if ∀e ∈ A, F (e) = U .
Definition 2.5 ([13]
). The union of two soft sets (F, A) and (G, B) over a common universe U is the soft set (H, C), where C = A ∪ B, and ∀e ∈ C,
We write (F, A) ∪(G, B) = (H, C). Definition 2.6 ( [13] ). The intersection of two soft sets of (F, A) and (G, B) over a common universe U is the soft set (H, C), where C = A∩B, and ∀e ∈ C, H(e) = F (e) or G(e), (as both are same set). We write (F, A) ∩(G, B) = (H, C).
Definition 2.7 ([15]
). Let (F, X) be a soft set over a universe set U . For A ⊆ X, we define F (A) = ∪{F (a) : a ∈ A}.
Definition 2.8 ([15]
). Let (F, X) be a soft set over a universe set U . For
Lemma 2.9 ([15]
). Let (F, X) be a soft set over a universe set U . Then for
Theorem 2.10 ( [12, 15] ). Let (F, X) be a soft set over a universe set U . Then for A, B ⊆ X,
A monotonic operation induced by given soft sets
In this section, for a fixed subset X of E over a universe set U , we define an operation u F : P (X) → P (X) induced by A F , F ← in any soft set (F, X) (A ⊆ X). Then we investigate some related properties.
Definition 3.1. Let (F, X) be a soft set over a universe set U . Let us define an operation u F : P (X) → P (X) as the following:
Theorem 3.2. Let (F, X) be a soft set over a universe set U . Then we have the following things: For A, B ⊆ X,
Proof. (i) Obvious.
(ii) From (i) and (iii) of Theorem 2.10, it follows
(iii) It follows from (iv) of Theorem 2.10.
(iv) First, we have, by Lemma 2.9 and (v) of Theorem 2.10,
We call an operation u F induced by a soft set (F, X) monotonic if it satisfies the condition (iii) in Theorem 3.2. Henceforward, unless otherwise specifically stated, every operation means the monotonic operation. Theorem 3.3. Let (F, X) be a soft set over a universe set U . Then for i ∈ J = ∅ and
Corollary 3.4. Let (F, X) be a soft set over a universe set U . Then for i ∈ J = ∅ and
Remark 3.5. For a soft set (F, X) over a universe set U and A, B ⊆ X, from Theorem 3.2, it is obviously u F (A) ∪ u F (B) ⊆ u F (A ∪ B) . But the equality is not always true as the next example. Example 3.6. Let U = {x 1 , x 2 , x 3 , x 4 , x 5 } and a parameter set E = {e 1 , e 2 , e 3 , e 4 }. Consider X = E and a soft set (F, X) defined as the following:
F (e 1 ) = {x 1 , x 2 }; F (e 2 ) = ∅; F (e 3 ) = {x 2 , x 3 }; F (e 4 ) = {x 1 , x 3 }.
Let A = {e 1 , e 2 } and B = {e 2 , e 3 }. Note that:
Theorem 3.7. Let (F, A) and (G, A) be soft sets over a universe set U and A ⊆ X. If (F, A) ∪(G, A) = (H, A), then we have:
Proof. (i) For e ∈ A, e ∈ A H ⇔ H(e) = ∅ ⇔ F (e) = ∅ and G(e) = ∅ ⇔ e ∈ A F and e ∈ A G ⇔ e ∈ A F ∩ A G .
(ii) For e ∈ A,
Example 3.8. Let U = {x 1 , x 2 , x 3 , x 4 , x 5 , x 6 } and X = E = {e 1 , e 2 , e 3 , e 4 , e 5 , e 6 }. Let A = {e 1 , e 2 } and B = {e 3 , e 4 }. Consider two soft sets (F, X) and (G, X) defined as the following: F (e 1 ) = {x 1 }; F (e 2 ) = {x 2 , x 3 }; F (e 3 ) = F (e 4 ) = ∅; F (e 5 ) = {x 3 }; F (e 6 ) = {x 5 }.
G(e 1 ) = G(e 2 ) = ∅; G(e 3 ) = {x 4 }; G(e 4 ) = {x 5 , x 6 }; G(e 5 ) = {x 5 }; G(e 6 ) = {x 1 }.
Then F ← (F (A)) = {e 1 , e 2 , e 5 }; G ← (G(A)) = {e 3 , e 4 , e 5 }. Note that F (e 6 ) = {x 5 }, G(e 6 ) = {x 1 } and H(e 6 ) = F (e 6 ) ∪ G(e 6 ) = {x 1 , x 5 }. So e 6 ∈ H ← (H(A)) but e 6 / ∈ F ← (F (A)) and
Let U be a universe set. If a topology τ is given on the universe U , we call U a topological unverse [15] with a topology τ (denoted by U τ ). The member of τ is said to be open in U . In fact, the topological universe U τ is a topological space with a topology τ . Let (F, A) be a soft set over a topological universe set U τ . We say that (F, A) is a quasi-open soft set [15] 
Proof. A soft subset (F, u F (A)) is well defined, and since
First, from (ii) of Theorem 2.10, it follows that
So, by hypothesis,
Equality, Order Between Operations
Let U be a universe set and E be a set of parameters. Let us denote
is a soft set for the fixed subset X over a universe set U };
Definition 4.1 (Equality). Let u F , u G ∈ Γ X . We will define:
Definition 4.2 (Ordering). Let u F , u G ∈ Γ X . We will define
Remark 4.3. The operation µ Φ induced the null soft set Φ is clearly lower than any operation in Γ X . The operation µX induced the absolute soft setX also is clearly upper than any operation in Γ X . We will denote0 = µ Φ and 1 = µX.
From Theorem 4.4 and Theorem 4.5, we have the following theorem:
is a partially ordered set.
Proof. It follows from Theorem 2.10.
Example 4.8. Let U = {a, b, c, d, e} and a parameter set X = E = {e 1 , e 2 , e 3 , e 4 }.
Consider two soft sets (F, X) and (G, X) defined as the following:
F (e 1 ) = {a, b}; F (e 2 ) = {c}; F (e 3 ) = {a}; F (e 4 ) = ∅.
G(e 1 ) = {a, b}; G(e 2 ) = {b, c}; G(e 3 ) = {a, d}; G(e 4 ) = ∅.
Now we introduce the notions of "meet" and "join" between operations induced by two soft sets. Definition 4.9. Let u F , u G ∈ Γ X . We will define (i) u F ∧ u G = u H where (H, X) = (F, X) ∩(G, X).
(ii) u F ∨ u G = u H where (H, X) = (F, X) ∪(G, X).
Proof. (i) Let (F, X) ∪(G, X) = (H, X). Then by Theorem 3.7, we have X H ⊆ X F , X G and F ← (F (A) ), G ← (G(A)) ⊆ H ← (H(A)). These facts imply u F , u G ≤ u F ∨ u G .
(ii) Let (F, X) ∩(G, X) = (H, X). It is obvious that A F , A G ⊆ A H . Let e ∈ H ← (H(A)); then H(e) = ∅ and H(e) ⊆ H(A). From Definition 2.6, it implies H(e) = F (e) = G(e) = ∅ and H(e) = F (e) = G(e) ⊆ H(A) ⊆ F (A), G(A). So e ∈ F ← (F (A) ), G ← (G(A) ). Consequently, we have u F ∧ u G ≤ u F , u G .
From Remark 4.3 and Theorem 4.10, we have the following theorem:
Theorem 4.11. For the collection Γ X of all operations induced by every soft set with a fixed subset X of E over a common universe U , (Γ X , ≤, ∧, ∨,0,1) is a bounded lattice.
